Abstract Global conformal invariance (GCI) of quantum field theory (QFT) in two and higher space-time dimensions implies the Huygens' principle, and hence, rationality of correlation functions of observable fields [16] . The conformal hamiltonian H has discrete spectrum and we assume that the partition function tr D q H , q = e 2πi τ , Im τ > 0 (|q| < 1) as well as the finite temperature expectation values of the field products are well defined in the finite energy space D (an assumption that is verified for free fields). We then demonstrate that the finite temperature expectation values are expressed by (doubly periodic) elliptic functions in appropriate coordinates. We compute examples of 2-point functions of free fields and study the modular transformation properties of the mean value of the energy in an equilibrium state with respect to the (complex) inverse temperature parameter τ .
Introduction
The (full) modular group SL (2, Z) ( =: Γ (1)) arises as the symmetry group of an oriented 2-dimensional lattice. Usually -including our case -this is the period lattice of an elliptic function. The factor group PSL (2, Z) = SL (2, Z)/ Z 2 of SL (2, Z) with respect to its 2-element centre Z 2 ≡ Z/ 2Z acts faithfully by fractional linear transformations on the upper half-plane H := {τ ∈ C : Im τ 0} , g (τ ) = a τ +b c τ +d for g = a b c d ∈ SL (2, Z) . (1.1)
The modular inversion, the involutive S-transformation of H,
which relates high and low temperature behaviour, is the oldest and best studied example of a duality transformation [9] (for a recent reference in the context of elliptic functions that provides a historical review going back to 19th century work -see [4] ). It naturally appears in the study of finite temperature correlation functions in a conformally invariant field theory (CFT). The case of 2-dimensional (2D) CFT has been thoroughly studied from the point of view of vertex algebras in [22] . The present paper builds on the observation that this analysis can be extended in a straightforward manner to the recently developed GCI QFT (see [16] [14] [15] ). The main idea is simple to explain. A GCI QFT lives on compactified Minkowski space M of dimension D which has a natural complex vector parametrization:
ζ being the conformal time variable. The coordinates z in Eq. (1.3) are obtained by a complex conformal transformation introduced in Sect. 2 (Eq. (2.2)) of the Cartesian coordinates of Minkowski space generalizing the Cayley transform (inverse stereographic projection) in the chiral (i. e. 1-dimensional) case. They have been first introduced for D = 4 in [20] using the Cayley (u(2) → U (2)) compactification map, and were generalized to arbitrary D in [17] ; the reader will find a geometric introduction to this and more general systems of charts in [13] . Transforming the fields in these coordinates we obtain an equivalent representation of the GCI local fields on M called (analytic or) z-picture. Since the transformation is conformal the vacuum correlation (Wightman) functions do not change their forms (except the change of the signature of the scalar product to Euclidean). For example, the z-picture scalar field φ (z) of (integer) dimension d has rational Euclidean invariant correlation functions like 0| φ (z 1 ) φ (z 2 )|0 = z The conformal hamiltonian H, with respect to which we will consider the temperature correlation function, acts on the z-coordinates simply as a translation of the conformal time variable ζ in Eq. (1.3) . This suggests introducing a real compact picture field φ (ζ, u) related to φ (z) by φ (ζ, u) = e 2πi d ζ φ e 2πi ζ u .
(1.5) Then H acts on it by (infinitesimal) translation in ζ : e 2πi λ H φ (ζ, u) e −2πi λ H = φ (ζ + λ, u) .
(1.6)
Since H has an integer or half-integer spectrum in the vacuum sector state space it follows that: φ (ζ + 1, u) = (−1)
i. e., the conformal time evolution is periodic or anti-periodic with period 1 in the compact picture, so that the vacuum and the temperature coorelation functions will be also (anti-) periodic. The second period comes from the statistical quantum physics: there it is pure imaginary and proportional to the inverse absolute temperature. More precisely, we are going to construct the partition function Z (τ ) = tr q H , q = e 2πi τ , Im τ > 0 (|q| < 1) (1.8) and the Gibbs correlation functions
where φ is any (real) Bose field, as meromorphic functions in τ , ζ k and u k (k = 1, . . . , n) in a suitable domain of C nD+1 . We shall do this explicitly for the conformally invariant free fields and we conjecture that it can be done in any GCI QFT under some reasonable additional restrictions. Moreover, we demonstrate in Sect. 3 that the temperature correlation functions (1.9) in a GCI QFT make at least sense as formal power series in q 1 2 with coefficients which are symmetric rational functions in e πi ζ1 , u 1 , . . . , e πi ζn , u n . This allows to extend the heuristic argument, given in [22] , which makes it plausible that the Kubo-Martin-Schwinger [7] (KMS) property φ (ζ 1 , u 1 ) . . . φ (ζ n , u n ) q = φ (ζ 2 , u 2 ) . . . φ (ζ n , u n ) φ (ζ 1 + τ, u 1 ) q (1.10) implies that the functions (1.9) are doubly periodic meromorphic functions with periods 1 and τ in ζ jk = ζ j − ζ k ; in other words, they are elliptic functions. In Sect. 3 (Proposition 3.5) we propose a rigorous version of this intuitive argument.
An elliptic function is characterized by its poles and their residues (in the fundamental domain). The poles of the temperature correlation functions should be the same as the poles of the operator product expansions (OPE): they only appear at mutually isotropic field arguments. But in the compact picture the light cone equation reads: 0 = z 2 12 = e 2πi ζ1 u 1 − e 2πi ζ2 u 2 2 ≡ −4 e 2πi (ζ1+ζ2) sin πζ + sin πζ − (1.11)
where we have introduced the variables
Therefore the basic elliptic functions occurring in the theory depend on the variables of type (1.12) and have poles on the lattice spanned by the periods 1 and τ . Taking into account the fermionic case the above statements are modified, the periodicity in both periods 1 and τ being replaced by antiperiodicity. We are thus led to the set p κ,λ k (ζ, τ ) : k = 1, 2, . . . , κ, λ = 0, 1 of basic (elliptic) functions, uniquely characterized by the conditions:
k (ζ, τ ) are meoromorphic functions in (ζ, τ ) ∈ C × H which has exactly one pole at ζ = 0 of order k and residue 1 in the domain ατ + β : α, β ∈ [0, 1) ⊂ C for all τ ∈ H and k = 1, 2, . . .;
. .. Note that for k = 1 and κ = λ = 0 at most one of conditions (iii) and (iv) can be satisfied and we have chosen the first one. This is a natural choice since the periodicity with period 1 in the conformal time is coupled to the periodicity in the angle α. It leads to a difference between our p 
, where the parameter µ can be interpreted as chemical potential in physical applications.
The n-point correlation functions (1.9) are elliptic in ζ jk = ζ j − ζ k with poles at ±α jk + m + nτ (n, m ∈ Z), where cos 2πα jk = u j · u k . One cannot expect, however, that they are homogeneous under modular transformations
since α jk , playing the role of spherical distances for D > 2, are not invariant under rescaling α jk → α jk c τ + d
. But one can hope to recover modular covariance for their (always well defined (!), in Wightman theories -see [3] ) 1-dimensional restrictions corresponding to
It turns out that the restricted 2-point function of a d = 1 free massless scalar field for D = 4 indeed transforms homogeneously (of degree 2) under the modular transformations (1.13). The corresponding energy mean value in the equilibrium state,
is a modular form of weight 4 (and level Γ (1) ( ≡ SL (2, Z))) after shifting the vacuum energy (Sect. 5). The paper is organized as follows. In Sect. 2 we formulate the Wightman axioms in the analytic picture. We sum up their implications in Sect. 3. In Sect. 4 we introduce general free field examples and provide an explicit construction of their finite temperature correlation functions. The cases of physical free fields in D = 4 dimensions as the massless scalar, Weyl and electromagnetic fields are considered in Sects. 5 and 6. We have also investigated examples of subcanonical free fields (for D = 4 and D = 6). The results are summed up and discussed in Sect. 7. The reader will find our conventions about elliptic functions and modular forms, used in the text, in Appendix A.
Wightman Axioms for Conformal Field Theory in the Analytic Picture
We begin by introducing a convenient parametrization of D-dimensional compactified Minkowski space which serves the same purpose as the analytic z-picture for the chiral vertex algebra in 2 dimensions.
Let M C be the complexified (D-dimensional) Minkowski space, with coordinates
2 , z 12 = z 1 − z 2 . The rational complex coordinate transformation (see [20] , [16] , [13] ):
2) is a complex conformal map (with singularities) such that
3)
The transformation (2.2) is regular in the tube domain T + = ξ = x + i y : y 0 > |y| and on the real Minkowski space M . The image T + of T + under h
is a precompact submanifold of E C . The closure M of the precompact image of the real Minkowski space M in E C has the form
The (analytic) z-picture of GCI QFT is, equivalent to the theory of vertex algebras
) in higher dimensions (see [13] ). We proceed to formulate the analog of Wightman axioms [19] in this picture.
The quantum fields φ a (z) (a = 1, . . . , I) will be treated as formal power series in z and 1 z 2 . This is motivated by the analytic properties of the fields in the GCI Wightman QFT ([13] Theorem 9.1). Using harmonic polynomials one can uniquely separate the integer powers of the interval z 2 due to the following well known fact: for every polynomial p (z) there exist unique polynomials h (z) and q (z) such that the first is harmonic and p (z) = h (z) + z 2 q (z). Thus, if we fix a basis h (m) σ (z) of homogeneous harmonic polynomials of degree m, for every m = 0, 1, . . ., we can uniquely write our fields φ a (z) as formal series in the monomials z 2 n h (m) σ (z) for n ∈ Z, m = 0, 1, . . . and σ is a finite valued index. In such a way we end up with the following axiom: In order to introduce the covariance properties of the fields we recall some facts about the real connected (spinor) conformal group C = Spin (D, 2). It acts on the coordinates z, in general, via rational complex transformations since we have chosen a complex parametrization of the real Minkowski space. Note also that some of the natural transformations in the z-coordinates as the translations z → z + w correspond to complex conformal transformations (with respect to the Minkowski real structure) even for real w. The real part of the stabilizer of the origin in the z-chart, z = 0 ∈ T + (correspond to the point (i, 0) ∈ T + of the complexified Minkowski space) coincides with the maximal compact subgroup U (1) × Spin (D) of the real conformal group C. The hermitian generator H of U (1), the conformal hamiltonian, gives rise to translations in the conformal time ζ. According to the remark of I. Segal [18] positivity of the Minkowski space energy P 0 implies positivity of H. The element e 2πi t H ∈ U (1) acts by a phase transformation z → e 2πi t z on z. The second factor, Spin (D), of the maximal compact subgroup acts on z via real (Euclidean) rotations. The general conformal transformations act nonlinearly so it is difficult to define their actions on a formal power series in z. For this reason we will use the infinitesimal (i. e., Lie algebra) covariance formulation.
Covariance (C). There exists a unitary representation, U (g) of the real conformal group C on the Hilbert space H such that the hermitian generators of the conformal Lie algebra spin (D, 2) leave invariant the fields' domain D. We also require the existence of a rational matrix-valued function π z (g) b a a, b=1, ..., I
depending on z ∈ C D and g ∈ C, regular for z in the domain of g on C D , and such that it satisfies the cocycle property:
and is trivial under the z-translations, τ w : z → z + w:
Then the fields φ a (z) are assumed to satisfy infinitesimal conformal covariance, formally written as:
It is simpler to write down the field covariance law by using the explicit form of the complex Lie algebra generators T µ and C µ for µ = 1, . . . , D of the z-translations and the z-special conformal transformations: 10) which are conjugate to each other. Another simplification comes from the assumptions that our fields are transforming under an elementary induced representation of the conformal group. This means that the cocycle π z (g) is trivial at z = 0 also for g = e a·C and it is determined by a representation of the maximal compact subgroup U (1)×Spin (D) of C: 
14) 15) where ∂ z µ stands for the partial formal derivative ∂ ∂z µ . We further assume that the hermitian conjugate φ * a of each φ a belongs to the linear span of the set {φ a }. The coordinate conjugation in the complex parametrization (2.2) of the Minkowski space is
where
Field conjugation law (*).
The exact meaning of Eq. (2.18) is provided by the fact that both sides are finite series, i. e. polynomials in z and z 2 (see [13] Remark 8.1).
belongs to the connected identity component of the real conformal group C, its analog j W (2.16) does not: it interchanges the z-picture "tube domain" T + (2.4) with its opposite T − = T * + . Nevertheless, j W is contained in the complex connected conformal group so that π z (j W ) is still defined. The element j W is analogous to the element −I of complex Lorentz group which belongs to the connected complex group but not to the real one. This fact leads to the existence of TCP operator in the Wightman theories. In the GCI QFT one should expect that the Weyl reflection j W combined with the charge inversion will give rise to an antiunitary operator on H.
The next axiom determines the physical vacuum.
Spectral condition (SC). The conformal time generator H is represented on H by a positive operator. There is only one norm 1 conformally invariant vector |0 ∈ H (up to phase factor) and it is contained in the fields' domain D.
The following axiom is a strong form of the locality axiom also called Huygens' principle stating that the fields are independent for nonisotropic separations.
Strong Locality or Huygens' principle (SL). Every field φ a (z) is assumed to have a fixed
statistical parity p a ∈ Z 2 and there exist positive integers M ab such that:
Remark 2.2.
As demonstrated in [16] the "Huygens principle" -i. e. vanishing of commutators for non-isotropic separations -is a consequence of ordinary local commutativity (for space-like separations) and of global conformal invariance. On the other hand, for a Wightman field -defined as an operator-valued (Schwartz) distributionthe Huygens principle is equivalent to the (superficially more restrictive) strong locality condition (2.19) as well as to the rationality of correlation functions (see [16] Theorems 3.1 and 4.1). As stated above, when we deal with formal power series it is more convenient to use weaker (infinitesimal) conformal invariance but a stronger locality axiom. Indeed, for rational functions, GCI follows from infinitesimal conformal invariance. Thus within the Wightman framework, the two pairs of axioms: (1) ordinary locality and GCI, (2) strong locality and infinitesimal conformal invariance, are completely equivalent. This completes our analog of Wightman axioms in the z-picture.
Completeness. The set of vectors
We now proceed to introduce the real compact picture representation which is more convenient in studying finite temperature correlation functions.
For a local field φ (z) of dimension d we set φ (ζ, u) to be a formal Fourier series in e 2πi ζ ∈ S 1 and u ∈ S D−1 defined as:
Then the connection with the previous analytic picture modes is:
Note that the index n in the analytic picture modes φ {n,m,σ} is always integer while in the compact picture modes, φ n,m,σ , it is integer or half-integer depending on d. In accord with the commutation relation (2.13) we obtain
It follows also that 2πiH acts as a translation generator in ζ in accord with Eq. (1.6).
As a realization of the above axioms we will consider the case of a neutral scalar
Its 2-point function is proportional to the unique scalar conformal invariant function of dimension d,
viewed as a Taylor series in the second argument, w, with coefficients -rational functions in z (see Theorem 3.3 below). The field cocycle is
, see [16] Eq. (A.5)). The hermiticity of the field is expressed by
This conjugation law simplifies in the compact picture, since we are using real coordinates (ζ, u):
(2.25) Theorem 3.1 implies the rationality of correlation functions as well as the analytic properties of the fields. Since these facts are of a major importance for us we shall prove them independently. We begin with stating some basic proprieties.
Properties of Analytic Picture Fields
For a complex vector space V denote by V z1,...,zn the space of formal power series
. . .
with coefficients in V , such that for every l = 1, . . . , n and for all possible values of the indices k l+1 , m l+1 , σ l+1 ; . . . ; k n , m n , σ n there exists a constant M (depending on the pervious data) such that if k l < M then v k1, m1, σ1; ...; kn, mn, σn = 0. By induction in n it follows that C z1,...,zn = C z1,...,zn−1 zn is a ring and V z1,...,zn is a module over this ring without zero divisors (these are actually the spaces of successive localiza-
, see [13] , Sect. 4). As every formal series φ a1 (z 1 ) . . . φ an (z n ) Ψ (Ψ ∈ D) lies in the space D z1,...,zn , because of Axiom (F), these spaces will play an important role (see the proofs of Proposition 3.2 and Theorem 3.3 below). 
for all possible values of the indices. They are also related with the statistical parities p a = 0, 1 ∈ Z 2 by the equality (−1) Proof. (a) Take the formal series F (z, w) = e w·T φ a (z)|0 . The commutation relation (2.12) implies that ∂ z µ F (z, w) = ∂ w µ F (z, w). Suppose, on the other hand, in accord with the existence of harmonic decomposition and Axiom (F) that
, where h (z, w) and g (z, w) are formal series without negative powers of z and w and h is in addition nonzero and harmonic with respect to z. If we now assume that N > 0 it will turn out that
where h 1 (z, w) and g 1 (z, w) are similar series. Then the equation ∂ z µ F (z, w) = ∂ w µ F (z, w) will imply an equality of type h 2 (z, w) = z 2 g 2 (z, w) for series h 2 (z, w) and g 2 (z, w) without negative powers, h 2 being nonzero and harmonic with respect to z. But this would contradict the uniqueness of the harmonic decomposition.
The series φ a (z)|0 is nonzero: otherwise Axioms (F) and (SL) imply that
, for large N ∈ N, and we can cancel the polynomial prefactor due to the fact that in the C z1,...,zn -module D z1,...,zn there is no zero divisors; then the completeness axiom implies that the field φ a (z) is zero.
(b) The commutation relation (3.1) is a straightforward corollary of Eqs. (2.13) and (2.6), implying Hφ a {0,0,1} |0 = d a φ a {0,0,1} |0 . On the other hand, φ a{0,0,1} |0 = 0, otherwise, it will follow that φ a {n,m,σ} |0 = 0 if n > 0 (because the last vector can be obtained from φ a {0,0,1} |0 applying T µ in accord with Eq. (2.12)), and then it will turn out that φ a (z)|0 = 0 in contradiction with (a). The second statement follows by Proposition 7.1 of [13] and the assumed rationality of the field cocycle (see the covariance axiom).
(c) The set of vectors in the axiom of completeness is actually a set of eigenvectors for H with integer or half-integer eigenvalues. From the commutation relation (2.14) it follows also that every vector of this system is contained in a finite dimensional subrepresentation of the Lie algebra of the maximal compact subgroup. ⊓ ⊔ Remark 3.1. The vector Φ a = φ a (z)|0 z = 0 uniquely characterizes the field φ a (z) and it obeys the property φ a (z)|0 = e z·T Φ a . Moreover, for every v ∈ D there exists a unique translation covariant local field
. This is a compact formulation of the state-field correspondence in the vertex algebra approach.
as a power series, is absolutely convergent in the domain
and its limit is a rational function of the form 
and Z 2 -symmetric in the sense
4)
for every permutation σ, (−1) ε(σ) being the correspondent statistical factor.
Proof. Set
From Axioms (F) and (SL) it follows that for sufficiently large N ∈ N the formal series ρ N n φ a1 (z 1 ) . . . φ an (z n ) Ψ will be Z 2 -symmetric and will only involve non-negative powers of z's. Hence, P (z 1 , . . . , z n ) := ρ N n Ψ 1 φ a1 (z 1 ) . . . φ an (z n ) Ψ 2 will be a Taylor series, and if HΨ 1 = ǫ 1 Ψ 1 and HΨ 2 = ǫ 2 Ψ 2 it will satisfy, in addition, the Euler equation
as a consequence of the commutation relations (2.13). Therefore P (z 1 , . . . , z n ) is a polynomial and it is clear that its coefficients will be linear combinations of scalar products of the type Ψ 1 φ a1{k1,m1,σ1} . . . φ an{kn,m1,σ1} Ψ 2 . Because of Proposition 3.2 (b) we find that the series ρ N n Ψ 1 φ a1 (z 1 ) . . . φ an (z n ) Ψ 2 will be a polynomial for all Ψ 1 , Ψ 2 ∈ D when N ∈ N is sufficiently large.
Now we have to divide by ρ N n in a suitable space of power series in order to obtain the series Ψ 1 φ a1 (z 1 ) . . . φ an (z n ) Ψ 2 . This is the space C z1,...,zn in which Ψ 1 φ a1 (z 1 ) . . . φ an (z n ) Ψ 2 belongs and the inverse series of ρ n is obtained there by expanding every factor z 2 kl
Thus the domain of absolute convergence of the formal series 
(3.7)
The analytic vector functions 
Note that due to the axiom (*) the product of φ a (z) with its conjugate φ a (z) * will be singular at (z − z * ) 2 = 0.
Proof of Theorem 3.4.
The norm of the series φ a1 (z 1 ) . . . φ an (z n ) Ψ is convergent for (z 1 , . . . , z n ) ∈ U < n due to Theorem 3.3 and Remark 3.2. Then the vector valued functions φ a1 (z 1 ) . . . φ an (z n ) Ψ and ρ N n φ a1 (z 1 ) . . . φ an (z n ) Ψ (for large N ) are analytic in the above domains as a consequence of Theorem 9.1 of [13] . The covariance law (3.7) as well as the Z 2 -symmetry follow from the uniqueness of the analytic continuation.
⊓ ⊔
We conclude this section by a general discussion about the existence of the mean temperature correlation functions. First, we have to assume that the conformal Hamiltonian H has finite dimensional eigenspaces. This makes then possible to introduce the partition function Z (τ ), and the finite temperature correlation functions φ a1 (ζ 1 , u 1 ) . . . φ an (ζ n , u n ) q (q = e 2πiτ ) of a system of compact picture fields φ a (ζ, u) as a formal power series in q 1 2 ,
where {Ψ nσ } nσ is an orthonormal basis in the Hilbert state space consisting of eigenvectors of H, HΨ nσ = n 2 Ψ nσ (note that D = Span C {Ψ nσ } nσ because of Proposition 3.2 (c)). The coefficients of the series (3.9) are Z 2 -symmetric rational functions in (e πi ζ1 , u 1 ), . . . , (e πi ζn , u n ) (or more precisely, series of rational functions according to Theorem 3.3). Moreover if we set 
has coefficients of q n 2 which are Z 2 -symmetric Fourier polynomials in ( ζ k 2 , u k ) (k = 1, . . . , n). Thus the convergence of the series (3.9) and (3.11) are closely related but (3.11) has the additional advantage that its coefficients are regular. (3.8) and (3.11) are uniformly convergent for some M ∈ N over all compacts contained the domain of (u 1 , . . . , u n ) ∈ S (D−1)n and (ζ 1 , . . . , ζ n , τ ) ∈ C n+1 such that 0 < Im ζ k < Im τ (k = 1, . . . , n). Then the finite temperature correlation functions (3.9) are convergent for all 0 < Im ζ k < 2Im τ , Im ζ j = Im ζ k (j, k = 1, . . . , n; j = k) to Z 2 -symmetric meromorphic functions which are doubly periodic (resp., antiperiodic) in ζ m with periods 1 and τ if φ am is a bosonic (resp., femionic) field, for m = 1, . . . , n.
Proposition 3.5. In the axiomatic assumptions of Sect. 2 let us suppose also that the formal Fourier series of the partition function
Proof. The strong convergence of (3.11) implies those of (3.9). Since the domain of convergence of (3.9) is symmetric in (ζ 1 , . . . , ζ n ) we can sum the KMS equation (1.10) (generalized to the fermionic case) without leaving the domain. ⊓ ⊔
We shall see that the conditions of Proposition 3.5 are indeed satisfied for free fields.
Free Fields' Temperature Correlation Functions -General Properties
A generalized free field is defined as a Fock representation of the Heisenberg-Dirac algebra with generators φ a{n, m, σ} as in Eq. (2.6) (a = 1, . . . , I). The generating function of the (anti)commutation relations is
2)
Q ab (z) are polynomials and we recall that ι z,w stand for the Taylor expansion of W ab (z, w) in w whose coefficients are rational functions in z Note that the i z,w operation is the z-picture analog of the "i0 x 0 −y 0 " prescription over the Minkowski space which transforms, for example, the rational function 1 (x−y) 2 , into the distribu-
The annihilation operators are the modes φ a{n,m,σ} with n < 0. The Fock space is generated by the one particle state space D 1 spanned by the vectors φ a{n,m,σ} |0 for n 0 and its hermitian scalar product is determined by 0| φ * a{n,m,σ} φ b{n,m,σ} |0 for
We will not assume, in general, that the inner product in D 1 is positive definite. The conformal structure is generated by the conformal invariance of the rational two-point function W ab (z, w) with respect to a cocycle π z (g) . More specifically, due to the spin-statistics theorem (which follows from rationality of (4.2)), the integer conformal energy levels n in D 1 should belong to the bosonic 1-particle subspace while the half-integer ones, n + 1 2 , belong to the fermionic subspace. Then, the partition function is determined by the dimensions of these energy spaces. Let us denote these dimensions by d b (n) and d f (n) (for the bosonic and femionic 1-particle spaces of energies n and n + 1 2 , respectively); then we will have
It is also well known that the temperature mean value
5) is absolutely convergent. It is expressed by Wick theorem in terms of "1-" and "2-point" Gibbs expectation values φ a1{n,m,σ} q and φ a1{n1,m1,σ1} φ a2{n2,m2,σ2} q , respectively. The last ones are calculated using the KMS property φ * a{n1,m1,σ1} φ b{n2,m2,σ2} q = q −H φ b{n2,m2,σ2} q H φ * a{n1,m1,σ1} q .7), that
where f n,m,σ (z) := z 2 n h (m) σ (z) are the basic homogeneous functions for our field series (f n,m,σ (λz) = λ 2n+m f n,m,σ (z)), (1) stands for summation in all admissible values of the indices n 1 , m 1 , σ 1 , n 2 , m 2 , σ 2 and (2) stands for the summation
Then, if we first perform the (1) we obtain (due to Theorem 3.3) the expression in the right hand side of Eq. (4.8): indeed, the first part in the (2) gives
kpap b q kd b ι z,w W ab z, q k w and the second part gives
w, z so we should further apply the symmetry property
The series (4.8) is absolutely convergent since every term behaves, for k → ∞, as q kd b W ab (z, 0), while for k → −∞ it behaves like q −kda W ab (0, w) (using dilation invariance; one also verifies that every W ab z, q k w is well defined since z − q k w 2 = 0 by assumption for all k ∈ Z). ⊓ ⊔ Then we can derive in the same way as above the following expression for the grand canonical correlation functions In the compact picture, Eqs. (4.7) and (4.12) become simpler. Consider
as an analytic function in ζ 12 = ζ 1 − ζ 2 (the right hand side depend only on the difference ζ 12 because of H-invariance (1.6)); then
The functions (4.14) are explicitly doubly periodic elliptic functions in ζ 12 .
Remark 4.2.
In the assumptions of Proposition 3.5 one can state that for the general field temperature 2-point functions φ * a (ζ 1 , u 1 ) φ b (ζ 2 , u 2 ) q the right hand side of Eq. (4.14) describes the most singular part in ζ 12 since it comes from the most singular part of the operator product expansion of φ * a (ζ 1 , u 1 ) φ b (ζ 2 , u 2 ) (see Proposition 4.3 of [16] ).
Free Scalar Fields
The generalized free neutral scalar field φ (z) ≡ φ (d) (z) of dimension d is determined by the unique conformally invariant scalar 2-point function (2.23).
Many of the modes in the field expansion (2.6) are zero so that it is convenient to reduce the system of basic functions and actually, organize the field modes in a slightly different way.
Let us denote by φ −d−n (z) the homogeneous operator-valued polynomial of degree n 0 contributing in the Taylor part of the expansion (2.6) of φ (z). The polynomial
for n 0. Due to the Proposition 3.2, the creation modes of field are exactly {φ −n−d : n 0} so that the reamaining nonzero field modes are the anihilation one, {φ n+d : n 0}. Thus the field φ (z) is expanded in the above modes as follows:
The commutation relation with the conformal Hamiltonian take the form
The vacuum matrix elements of products of field modes are derived from the 2-point function
where C d n (z, w) are separately homogeneous polynomials in z and w of equal degrees n with generating function
for m, n 0. Note that the polynomials C 
In the real compact picture we set
as a formal Fourier series in ζ. Taking into account the relation
we find
where ζ ± = ζ 12 ± α, cos 2πα = u 1 · u 2 . Then Eq. (4.7) takes the form
where p k (ζ, τ ) are written down in Appendix A (see (A.16)). Eq. (5.11) follows from the identity
and (5.10). Note that the differences in (5.10) and (5.11) allows us to apply Eq. (A.16) and it ensures the ellipticity (double periodicity) in ζ 12 of the corresponding temperature correlation function. In this example one can easily verify the conditions of Proposition 3.5 using Eqs. (1.11) and (A.28).
In the more general context of Remark 4.1, for a complex scalar field of dimension 1
−1 ) taking N to be the charge operator (with n = 1 in Eq. (4.11)), we find
for the more general functions p 1 (ζ, τ, µ) of Appendix A. In order to find the mean energy (or the partition function) we have to specify the space-time dimension D together with the field dimension d. We will consider the folowing two basic examples.
Canonical free massless field in even space time dimension D.
The canonical free field is determined by the Laplace equation
14)
The existence of the canonical free field as a GCI field requires D to be even and greater than 3. Then the polynomials C d0 n (z, w) are harmonic in both z and w, and they determine a positive definite scalar product by Eq. (5.6). Thus, the canonical free fields satisfy the Hilbert space positivity condition (Wightman positivity).
The operator-valued polynomials φ −n−d (z) are harmonic, i. e.
in the notations of Sect. 2. So that the only nonzero modes of φ (z) are φ {0,n,σ} and φ {−n−d0,n,σ} for n = 0, 1, . . .. It follows then that the 1-particle eigenspace of conformal energy n( d 0 ) is isomorphic to the space of the harmonic polynomials on C 16) which is an even polynomial in n, for even D, of degree 2d 0 , say
Note that d (D) (n) = 0 for n = 1, . . . , d 0 − 1 so that the temperature energy mean value is 
If we interpret E 0 as a vacuum energy, i. e. renormalize the conformal Hamiltonian as H = H + E 0 then its temperature mean value would be a modular form of weight 4.
Remark 5.1. Extrapolation to the case D = 2 of the above result contains two chiral components each of them giving the energy distribution for a U (1) current
which is not modular invariant. 
Subcanonical field of dimension
implies the following harmonic decomposition of the homogeneous polynomials C 1 n (z, w):
Thus we can decompose
where φ j n (z) are now harmonic homogeneous operator-valued polynomials of degrees n and n − 2, respectively (as φ 
Therefore the 1-particle state space of conformal energy n decomposes into a pseudoorthogonal direct sum of two subspaces isomorphic to the spaces of harmonic homogeneous polynomials of degrees n − 1 and n − 3, respectively: the first will have positive definite while the second one, negative definite metric. In particular, the dimension of the full eigenspace of conformal energy n is
so that the temperature energy mean value and the vacuum enegry are Let us introduce the (2×2)-matrix representation of the quaternionic algebra:
(σ k being Pauli matrices). In this section we will denote the hermitian matrix conjugation by a superscript "+". The matrices
are the self-and antiself-dual antihermitian spin (4) Lie algebra generators. We will denote also
etc. Note that in the definition of z / + we do not conjugate the coordinates z µ . Then Eqs. (6.2) are equivalent to
The generalized free Weyl fields of dimension d = 1 2 , 3 2 , . . . are two mutually conjugated complex 2-component fields, 6) transforming under the elementary induced representations of spin (4) corresponding to the self-and antiself-dual representations (6.3), respectively. In particular, the action of the Weyl reflection j W (2.17) is,
The conformal invariant 2-point functions, characterizing the fields, have the following matrix representation
The conjugation law for the compact picture generalized free Weyl field
The vacuum correlation function is diagonal in "the moving frame" representation defined as follows. For given non-collinear unit real vectors u 1 , u 2 ∈ S D−1 (⊂ R D ) such that u 1 · u 2 = cos 2πα let v and v be the unique complex vectors (in C D ) for which
It follows then that v and v are mutually conjugate isotropic vectors with scalar product: 2v · v = 1. In this basis we have 18) where ζ ± = ζ 12 ± α (as in previous sections). In the frame, in which u 1,2 = (0, 0, ± sin πα, cos πα) the matrix v / and its conjugate assume a simple form:
Thus, in the d = 1 2 case of a subcanonical Weyl field the contribution of ζ + and ζ − are separated. The dimension d = 3 2 corresponds to the canonical free Weyl field which will be denoted by ψ := χ (ψ + := χ + ). We find in this case
From the vacuum correlation functions (6.18), (6.20) and from Eq. (4.14) we deduce
. 
using the more general functions p Note that the 1-particle scalar product is
This implies similarly to the scalar field case that we can organize the field mode expansion (in the compact picture) as −n−d (u), to the creation modes and we have also
For the temperature energy mean values we will consider the two cases of d = 3 2 and d = 1 2 , separately. The z-picture canonical Weyl field satisfies the Dirac equations
These equations are also valid for the compact picture modes ψ −n− (u) extended to u ∈ R 4 . The positive charge 1-particle state-space of conformal energy 0| H|0 + n + 3 2 (n = 0, 1, . . .), spanned by ψ
(u)|0 carries the irreducible representation n+1 2 , n 2 of Spin (4) and therefore has dimension (n + 2) (n + 1). The dimension of the full 1-particle space, including charge −1 states, is twice as big. It has also a positive definite scalar product in view of [11] . Thus applying the general formula (4.4) and Eq. (A.3) we find (cf. [4] ):
Here we have used the equalities
In the case of subcanonical Weyl field the third order equations are satisfied which for the modes are
The Spin (4)-resulting representation in the positive charge 1-particle space of conformal energy n+ 1 2 (n = 0, 1, . . .) is then isomorphic to a (pseudoorthogonal) direct sum of three irreducible representations (for n 3),
each of them should posses a definite restriction of the scalar product. In particular, the full dimension of the space (6.33) is
for all n = 0, 1, . . ., so that the resulting temperature energy mean value and vacuum energy we then obtain
Note that although G 2 is not a modular form the differences entering the right hand sides of (6.25) and (6.35) are multiples of F (τ ) (A.10) and are thus modular forms of weight two and level Γ θ .
The Maxwell free field.
The electromagnetic (or Maxwell) free field is a 6 component field F µν (z) = −F νµ (z) (1 µ < ν 4). It is convenient to write it as a 2-form:
which makes clear its transformation properties and conjugation law:
where g = e iλX for a hermitian conformal generator X as in Eq. (2.9). The 2-point function is
It is verified to satisfy the Maxwell equations
To compute the (compact picture) finite temperature correlation functions F µ1ν1 (ζ 1 , u 1 ) F µ2ν2 (ζ 2 , u 2 ) q we use again the diagonal frame in which, 2v = (0, 0, −i, 1), u 1,2 = (0, 0, ± sin πα, cos πα); then there exist linear combinations of the field components
The corresponding finite temperature correlation functions reads:
In order to find the temperature energy mean value for the Maxwell field we have to compute the dimension d(n)(≡ d b (n)) of the 1-particle state space of conformal energy n, spanned by F µν; −n (z)|0 where the mode F µν; −n (z) is a homogeneous (harmonic) polynomial of degree n − 2, satisfying the Maxwell equations. To this end we display the SO(4) representation content of the modes satisfying the Maxwell equations. Decomposing the antisymmetric tensor F µν into selfdual and antiselfdual parts, (1, 0)⊕(0, 1), we see that the full space of homogeneous skewsymmetric-tensor valued polynomials in z of degree n − 2 generically splits into a direct sum of three conjugate pairs of SU (2) × SU (2) representations; for instance, (1, 0) ⊗ n − 2 2 , n − 2 2 = n 2 , n − 2 2 ⊕ n − 2 2 , n − 2 2 ⊕ n − 4 2 , n − 2 2 (for n > 3). Maxwell equations imply that only two of the resulting six representations, those with maximal weights, appear in the energy n 1-particle space: n 2 , n − 2 2 ⊕ n − 2 2 , n 2 . Thus, Remark 6.1. Let us consider a generalized free vector field l µ (z) independent of F µν (z) (i. e., commuting with it) and having two point function 0| l µ (z 1 ) l ν (z 2 )|0 = C r µν (z 12 ) z 2
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, ∂ z µ l ν (z) = ∂ z ν l µ (z) (6.47) (the last equality means that l µ (z) is a "longitudinal" field but we note that there is no GCI scalar field s (z) such that l µ (z) = ∂ z µ s (z)). The field l µ (z) satisfies the third order equation ∂ 2 z ∂ z · l (z) = 0 (6.48) and it follows then that the conformal energy n state space has dimension d l (n) = n + 3 3 − n − 1 3 = (n + 1) 2 + (n − 1) 2 = 2 n 2 + 1 . (6.49)
Thus the mean temperature energy value in the state space of F µν (z) and l µ (z) will be H F + H l + E 0 q = 4 G 4 (τ ) , E 0 = 1 60 (6.50) (H F and H l being the conformal hamiltonians of the corresponding subsystems). We can interpret the state space of l µ (z) as the space of pure gauge transformations and then the full state space of F µν (z) and l µ (z) has the meaning of the space of gauge potentials.
Concluding Remarks
Periodicity of (observable) GCI fields in the conformal time variable ζ suggests that their Gibbs (finite temperature) correlation functions should be (doubly periodic) elliptic functions in the conformal time differences with second period proportional to the (complexified) inverse absolute temperature. We give arguments (Proposition 3.5) suggesting that this is indeed the case in a GCI Wightman theory. Explicit constructions are presented of elliptic 2-point functions of free fields in an even number of space-time dimensions. If a field ψ (ζ, u) of dimension d and its conjugate satisfy the strong locality property (2.19), i.e., if (cos 2πζ 12 − u 1 · u 2 ) N ψ (ζ 1 , u 1 ) ψ * (ζ 2 , u 2 ) − (−1) 2d ψ * (ζ 2 , u 2 ) ψ (ζ 1 , u 1 ) = 0 (7.1) for N N ψ then the Gibbs 2-point function ψ (ζ 1 , u 1 ) ψ * (ζ 2 , u 2 ) q has exactly two poles in a fundamental domain, centred around the origin of the ζ 12 plane, of leading order N ψ at the points ζ 12 = ±α for u 1 · u 2 = cos 2πα , 0 α < 1 2 .
For a scalar field ψ the integer N ψ coincides with its dimension, d; for an irreducible spin-tensor field in D = 4, of S(U (2) × U (2))-weight (d; j 1 , j 2 ), we have N ψ = d + j 1 + j 2 . The conformal energy mean value in an equilibrium Gibbs state (with suitably normalized vacuum energy) appears as a superposition of modular forms of different weights. Postulating this property for the photon energy (associated with the Maxwell stress tensor F ) requires including (non-physical) gauge degrees of freedom. The result is then a modular form of weight 4 (Sect. 6.2, Eq. (6.50)). The same is true for the free massless scalar field for D = 4, while the energy mean of a d = 3
2 Weyl field is a superposition of modular forms (6.28) of weight 4 and 2 (and level Γ θ -see Appendix A, Eq. (A.10) and the text following it). The question arises whether relaxing the condition of Wightman positivity one cannot find an (indefinite metric) interacting Weyl field model whose energy mean value is a (homogeneous) modular form of weight four (as suggested by the study of chiral conformal models in 1 + 1 space-time dimension). More generally, the role of modular invariance in higher dimensional conformal field theory models still awaits its full understanding.
where σ l (n) = 
